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Stable propagation of large, multifilament arrays over long distances in air paves new ways for
microwave-radiation manipulation. Although, the dynamics of a single or a few filaments was
discussed in some of the previous studies, we show that the stability of large plasma filament arrays
is significantly more complicated and is constrained by several trade-offs. Here, we analyze the
stability properties of rectangular arrays as a function of four parameters: relative phase of the
generating beams, number of filaments, separation between them, and initial power. We find that
arrays with alternating phase of filaments are more stable than similar arrays with all beams in
phase. Additionally, we show that increasing the size of an array increases its stability, and that
a proper choice of the beam separation and the initial power has to be made in order to obtain a
dense and regular array of filaments.
PACS numbers: 52.38.Hb, 42.65.Sf, 42.65.Tg, 42.65.Jx
High-power femtosecond laser-pulse filamentation is a
flourishing field of nonlinear optics due to its numer-
ous applications in remote sensing, lightning protection,
virtual antennas, and waveguiding [1–3]. Experiments
show that a femtosecond laser beams can ionize atmo-
sphere at the kilometer-scale distances [4]. Propagation
over such long distances is a result of the dynamic bal-
ance between the focusing Kerr nonlinearity, diffraction,
and plasma defocusing due to multiphoton absorption.
A proper arrangement of plasma channels into arrays
built of multiple filaments can lead to control [5] and
efficient guiding of electromagnetic radiation in air [6].
Dielectric [7] and hollow-core metallic waveguide config-
urations [8, 9] were predicted theoretically and demon-
strated experimentally [10] to guide microwave radiation.
Periodic arrays of densely packed high-intensity filaments
were shown to create a hyperbolic metamaterial medium,
that allows for radar signal manipulation and resolution
enhancement [11, 12].
Formation of desired, regular filament patterns re-
quires precise control of filament distribution and inter-
action. Multiple filaments can be generated by an intense
Gaussian beam [13, 14], whose power is much higher
than the critical power of self-focusing Pcr. However,
the distribution of filaments resulting from the breakup
of a Gaussian beam is determined by intensity fluctu-
ations [15] and modulation instability [16, 17]. More-
over, the density of filaments generated in this way is
limited [18, 19]. Therefore, this method can not pro-
vide the fine control and the high filament density re-
quired for the microwave-radiation manipulation. A cer-
tain degree of control of the filament distribution can be
obtained by special preparation of the Gaussian beam.
It was demonstrated experimentally that the predeter-
mined initial phase [20, 21], amplitude distribution [15],
and geometry of the beam [22] offer a limited control of
the filamentation pattern. The filament distribution in
an array can be even more deterministic if the position of
each beam is managed independently. This is obtained by
multiple beam generation using arrays of axicons [23, 24]
or microlenses [25–27].
The question motivating our study is how to ensure
that the initial multifilament distribution remains un-
changed during the propagation or evolves in a pre-
dictable manner. This evolution is governed by the sta-
bility of a single filament in the array and by the mu-
tual interaction between the neighboring filaments. A
majority of studies of filament interaction focused only
on two interacting beams and it was shown to result
in attraction or repulsion of the filaments depending on
their phase difference [28, 29], or rotation of the fila-
ment pattern [30, 31]. Studies of two beams give a ba-
sic understanding of the filament interaction, but do not
provide the insight on the interaction of beams in two-
dimensional (2D) arrays build of multiple filaments.
In this paper, we present a comprehensive study of the
stability of large 2D arrays of filaments. We analyze the
effects of the relative phase difference between the beams
in the array on the propagation dynamics. Moreover,
we study the effects related with the size of the array,
the density of beams (separation distance) and the ini-
tial power. In particular, we show that arrays built of
out-of-phase filaments are more robust than these with
all filaments in phase. Additionally, increase of the ar-
ray size and a careful choice of the power and the beam
separation allow us to increase the propagation distance
over which the array of the beams propagates in a stable
and predictable manner. This study provides guidance
in choice of parameters in future experiments with large
filament arrays.
This paper is organized in the following way. First we
briefly discuss the general properties of structures that
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FIG. 1. (a) Schematic illustration of the metamaterial formed
by laser-induced plasma filaments (blue wires). The diame-
ter of a filament is denoted as d, and a represents separa-
tion between filaments. (b) Typical isofrequency contours for
isotropic (⊥ = ‖—blue dotted curve), elliptical (0 < ‖ <
⊥—black solid curve), and hyperbolic (‖ < 0 < ⊥—red
dashed curve) medium.
can be created using large arrays of plasma filaments in
air, motivating our study on how to enable generation
of stable arrays with required properties. Next, we de-
scribe methods used in our simulations and parameters of
the studied system. Then, we investigate the difference
in propagation dynamics of filament arrays with all the
beams in phase and the arrays with alternating phase of
the neighboring beams (out-of-phase arrays). Later, we
consider the effects of the number of beams in the array,
beam separation, and initial power for the out-of-phase
arrays.
Arrays of filaments, like the one presented in Fig. 1(a),
are able to create strongly anisotropic media, such as
elliptical or hyperbolic medium. In the effective medium
approximation, the diagonal elements of the permittivity
tensor of such arrays are given by
xx = yy = ⊥ = h
(1 + f)fil + (1− f)h
(1− f)fil + (1 + f)h , (1a)
zz = ‖ = ffil + (1− f)h, (1b)
where f = pi[d/(2a)]2 denotes the filament filing fraction,
a represents the separation between the filaments in a
square lattice, and d is the filament diameter. Here, h is
the host medium permittivity and fil is the permittivity
of a filament. Filament permittivity can be described by
the Drude model, in which the plasma frequency is re-
lated to the electron density in the plasma generated in
a filament. The dispersion of extraordinary waves prop-
agating in the z-direction in such a uniaxial medium is
characterized by
k2‖
⊥
+
k2⊥
‖
=
ω2
c2
. (2)
Typical solutions of Eq. (2) are shown Fig. 1(b).
In order to study the nonlinear dynamics of filament
propagation we use the (3+1)D nonlinear Schro¨dinger
equation with the typical parameters for air [2, 32]:
∂E
∂z
=
i
2k0
(
∂2
∂x2
+
∂2
∂y2
)
E − ik
′′
2
∂2E
∂t2
+ (3)
ik0n2R(t)E −
(
σB
2
+ i
k0
2ρc
)
ρE − β
(K)
2
|E|2K−2E,
where the slowly varying electric field envelope E is
normalized in such a way that |E|2 is the light inten-
sity expressed in W/m2. k0 = 2pi/λ denotes the free-
space wavevector and λ = 775 nm is the free-space
wavelength. The group velocity dispersion is given by
k′′ = 0.2 fs2/cm and the Kerr nonlinear parameter is
n2 = 5.57 · 10−19 cm2/W. The inverse Bremsstrahlung
cross-section responsible for plasma absorption is de-
noted by σB = 5.54 · 10−20 cm2 and the critical plasma
density at which air becomes transparent is given by
ρc = 1.86 · 10−21 cm−3. The multiphoton absorption
coefficient is given by β(K) = 3.1 ·10−95 cm13/W7, where
K = 8 is the number of photons needed to overcome the
ionization potential Ui = 12 eV. The time evolution of
the electron density ρ is governed by equation
∂ρ
∂t
= σKρnt|E|2K + σB
Ui
ρ|E|2, (4)
where σK = β
(K)/(K~ωρnt) is the multiphoton ioniza-
tion coefficient, ~ω denotes the energy of a single photon
at the wavelength λ = 2pic/ω, and ρnt = 5.4 · 1018 cm−3
is the density of neutral oxygen molecules. Function
R(t) = (1− α)|E(t)|2 + α
τK
∫ t
−∞
e−(t−τ)/τK |E(τ)|2dτ
(5)
models Kerr and non-instantaneous nonlinear re-
sponses [32]. Here, α = 0.5 is the fraction of the delayed
nonlinear response due to stimulated molecular Raman
scattering, and τK = 70 fs denotes the characteristic re-
laxation time for oxygen molecules. For these parame-
ters, the clamping intensity is Ic = 31 TW/cm
2.
Numerical solution of the full (3+1)D nonlinear
Schro¨dinger equation is a very time and memory consum-
ing process [32]. Therefore, we will simplify the problem
using a reduced model proposed in Ref. [32]. This model
has been successfully used in studies of multiple filamen-
tation, for instance in Refs. [24, 29, 30, 33]. Here we
recapitulate the derivation of the reduced model along
the lines presented in Ref. [32].
We assume that the temporal distribution of the fila-
ment electric field can be described by a dominant Gaus-
sian spike centered at a time instant tc(z) with a time
extent T :
E(x, y, z, t) = ψ(x, y, z) exp
[
− [t− tc(z)]
2
T 2
]
. (6)
Here ψ(x, y, z) describes the spatial distribution of the
electric field and T = 0.1tc, where tc = 85 fs is the
3duration of the pulse exciting the filament. The com-
pression factor 0.1 was shown in Ref. [32] to provide the
best approximation of the full (3+1)D model. Under this
assumption Eq. (4) can be readily integrated to give
ρ =
√
piTσKρnt|ψ|2K√
8K
(
erf
{√
2K[t− tc(z)]
T
}
+ 1
)
.
(7)
In the following derivation we neglect the dispersion term
whose effects on the filament evolution are much smaller
than these connected with ionization [32]. The plasma
absorption is also neglected as it remains small compared
to the multiphoton absorption. Inserting Eqs. (6) and (7)
into Eq. (3) multiplied by e−[t−tc(z)]
2/T 2 and integrating
over the entire time domain yields the equation for ψ:
∂ψ
∂z
=
i
2k0
(
∂2
∂x2
+
∂2
∂y2
)
ψ+ (8)
iθk0n2|ψ|2ψ − iγ|ψ|2Kψ − β
(K)
2
√
K
|ψ|2K−2ψ,
where the time-averaged nonlinear response is quantified
by θ = [1−α+αD/(√2τK)]/
√
2, the time-averaged loss
coefficient is γ = (
√
pi/(8K)Tk0σKρnt)/(2ρc), and
D =
∫ +∞
−∞
exp
[
T 2
8τ2K
− u
τK
− 2
( u
T
)2]
×[
erf
(√
2u
T
− T√
8τK
)
+ 1
]
du. (9)
The reduced model results in a 3D time-averaged non-
linear Schro¨dinger equation [Eq. (8)]. In order to study
the evolution of the multifilament arrays we solve Eq. (8)
using split-step Fourier method [34, 35].
The input field distribution ψ(x, y, 0) is described as a
sum of Gaussian beams organized in a rectangular lattice:
ψ(x, y, 0) = A
Nb∑
i=1
pi exp
[
− (x− x0,i)
2 + (y − y0,i)2
σ2
]
,
(10)
where Nb denotes the number of beams and p
i is the
phase of the ith beam. In an in-phase array, all the beams
have the same phase and p = 1. On the contrary, in
an out-of-phase array, each beam has the phase opposite
to its nearest neighbors and therefore (for rectangular
arrays with odd number of beams studied here) p = −1.
σ is the 1/e beam width and a pair [x0,i, y0,i] denotes the
location of the center of the ith beam in the transverse
plane. The field amplitude A is related to the initial
power. The initial power per beam normalized to the
critical power in air Pcr = 3.77λ
2/(8pin2) = 1.6 GW is
calculated as
Pin =
1
PcrNb
∫ ∞
−∞
∫ ∞
−∞
ψ(x, y, 0)dxdy. (11)
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FIG. 2. (a) Filament intensity distribution |E(x, y = 0, z)|2
for the in-phase 15×15 beam array. (b)–(c) Superimposed fil-
ament location in the transverse plane at four different propa-
gation distances: (b) z = 0.25 m (blue) and z = 0.75 m (red);
(c) z = 1.25 m (blue) and z = 1.75 m (red). We assume
that the filament is formed when the light intensity is higher
than Ic/8. Array parameters are: the normalized initial power
per beam Pin = 4, the width of a single beam σ = 0.15 mm,
and the separation between beams a = 0.45 mm.
In our studies, input beams have spatial width σ = 0.15–
0.20 mm, which is approximately twice the width of a
filament. Intensity distributions similar to our inputs
were generated by a wide Gaussian beam impinging on
an array of microlenses [25–27].
Let us first consider a large (15 × 15) in-phase array
of Gaussian beams forming filaments. Figure 2(a) shows
the light intensity distribution E(x, z) in the plane y =
0, whereas Figs. 2(b) and (c) show the location of the
beams in the transverse plane (x–y) for different values
of the propagation distance z. At the beginning of the
propagation (z = 0–0.5 m), a regular 15 × 15 array of
filaments is formed and the central beams lay in the plane
y = 0. Because all the beams in the array have the same
phase their mutual interaction results in attraction of
the neighboring beams and the beams fuse at z ≈ 0.5 m.
This results in a smaller array of 14 × 14 beams shown
in Fig. 2(b) in red. None of the beams in this array is
located in y = 0 plane. This is the reason of the apparent
light intensity decrease in the map shown in Fig. 2(a).
Similar fusion process leads to the generation of a 13×13
array [shown in blue in Fig. 2(c)] visible in Fig. 2(a) and
a 12 × 12 array [shown in red in Fig. 2(c)] not visible
in Fig. 2(a). As a result of mutual filament attraction,
the array of the in-phase beams decreases in size and loses
its regularity. The outer beams increase their distance
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FIG. 3. (a) Chessboard-like phase distribution in the out-
of-phase filament array. (b) Filament intensity distribution
|E(x, y = 0, z)|2 for the out-of-phase 15 × 15 beam array.
Other parameters of the array are identical to these in Fig. 2.
(c) Comparison of the averaged filament filing fraction 〈f〉
as a function of propagation distance z for the out-of-phase
15× 15 array and the in-phase presented in Fig. 2.
from the center of the array, dissipate the energy, and are
unable to reform filaments which accelerates shrinking
process of the array.
In order to compare the in-phase and the out-of-phase
arrays we study an array with the same parameters as
those used in Fig. 2 but with the alternate phase of the
beams. Such a phase distribution is schematically pre-
sented in Fig. 3(a). The nearest neighbors of each of the
beams are out-of-phase with the center beam, forming
a chessboard-like pattern. Figure 3(b) shows the light
intensity distribution E(x, z) in the plane y = 0 for the
out-of-phase array of beams. This time, beams do not
merge and the number of filaments in the array is con-
served during the propagation. This is the result of the
mutual repulsion between the nearest-neighbor out-of-
phase beams. The peak intensity of light in the filament
beams oscillates during the propagation and reflects the
dynamical balance between the Kerr focusing and the
plasma defocusing. As a result of their mutual repulsion,
the outer beams increase their distance from the center
of the array even faster than in the case of the in-phase
array. Nevertheless, the out-of-phase array offers a sig-
nificantly more stable behavior than the in-phase array
since the number of filaments and the position of beams
far from the edges of the array do not change. The sta-
bility of the two types of arrays can be also compared
using the averaged filing fraction of filaments 〈f〉 shown
in Fig. 3(c). The averaged filing fraction is computed as
a ratio between the transverse area where the filaments
are present and the area of the whole array (the area
FIG. 4. Light intensity distribution in the y = 0 plane for
filament arrays of different sizes (number of beams Nb): (a)
3×3 = 9, (b) 5×5 = 25, (c) 9×9 = 81, and (d) 15×15 = 225.
In each array Pin = 4, the beam separation is a = 0.55 mm,
and the width of a single beam σ = 0.2 mm. The x range is
different for plots (a), (b) and (c), (d).
of the array may increase during the propagation due to
the divergence of beams located close to the edges of the
array). The presence of a filament is determined by the
fact that the light intensity at a given position is higher
than a certain threshold value. In this study we chose
this threshold to be 1/8 of the clamping intensity Ic. For
the in-phase array, the filing fraction decreases and expe-
riences abrupt changes when array changes its structure
(when filaments merge). The decrease of the filing frac-
tion of the out-of-phase array is much more uniform. In
the later stages of propagation (z = 1 − 2 m), the fil-
ing fraction for the out-of-phase array is on average 1.5
times higher than for the in-phase array. These results
suggest that the out-of-phase arrays are generally more
stable than the in-phase arrays and therefore, further dis-
cussion will focus on the out-of-phase arrays.
Let us analyze the stability of the out-of-phase fila-
ment array as a function of the number of beams building
it. Figure 4 shows the dynamics of arrays with different
sizes. We show that the larger the array, the more stable
it is. Small arrays, built of 9 or 25 beams, tend to desta-
bilize faster than larger arrays. We notice that the outer
filaments increase their distance from the center of the
array, and then lose the energy due to diffraction. This
effect can be explained in the following way. The most
stable filaments are those in the middle of an array since
they have all four (out-of-phase) nearest neighbors. Each
of these neighbors repulses the central filament, but the
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FIG. 5. Light intensity distribution in the y = 0 plane for
large (15 × 15) filament arrays with different beam separa-
tion a: (a) 0.50 mm, (b) 0.45 mm, (c) 0.40 mm, and (d)
0.35 mm. The evolution of an array with a = 0.55 mm is
presented in Fig. 4(d). In each array Pin = 4 and the width
of a single beam σ = 0.2 mm. (e) Comparison of the aver-
aged filament filing fraction 〈f〉 as a function of propagation
distance z for the out-of-phase 15 × 15 arrays with different
initial beam separation.
net force is zero due to the symmetry reasons. The fila-
ments on the edges and corners are more susceptible to
transverse displacement as they only have three or two
nearest neighbors, and the net repulsive force acting on
them is non-zero. The larger the array, the higher is the
ratio between the bulk and edge filaments, and conse-
quently, the better is the stability of the filament array.
The fact that the stability of the arrays increases with
their size is a very desirable property from the experi-
mental point of view, as the manipulation of microwave
beams requires large beam arrays that are uniform or
evolve in a predictable manner.
Next, we will study the behavior of the beam array as
a function of the separation between the neighboring fila-
ments. The separation of the beams determines the filing
fraction of filaments, which is a critical parameter for the
properties of filament-based waveguides and metamate-
rials [11]. From the practical viewpoint, high filing frac-
FIG. 6. Light intensity distribution in the y = 0 plane for
large (15× 15) filament arrays with different values of initial
power Pin: (a) 0.5, (b) 1, (c) 2, and (d) 8. In each array the
separation between beams is equal to a = 0.55 mm and the
width of a single beam σ = 0.2 mm. The evolution of an
array with initial power of Pin = 4 is presented in Fig. 4(d).
tions are necessary for efficient microwave beam guiding
and manipulation. However, as Fig. 5 shows, the increase
to the filing fraction decreases the stability of the filament
array. As a consequence of a decreased beam separation,
the filament-filament interaction becomes stronger, and
the array broadens. This effectively decreases the filing
fraction as it can be seen from Fig. 5(e). The arrays with
the smallest beam separations have the highest filing frac-
tion in the first 1 m of propagation. However, due to the
rapid broadening of these arrays, the filing fraction de-
creases and at z = 2 m it is equal to the values obtained
for arrays with larger beam separation. Therefore, the
trade-off between the need for a high filing fraction and
the array-size evolution should be taken into account.
The oscillations of the peak intensity of filaments are also
reflected in the filing fraction. They are especially visible
for arrays with larger beam separation, for which the fil-
ing fraction oscillates during the propagation. This result
shows that, for arrays with Pin = 4, the filling fraction of
densely packed arrays behaves more monotonically that
for sparse arrays but experiences a larger overall decrease
during the entire propagation distance studied here.
Finally, we studied the behavior of the filament array
as a function of the initial power used to generate the
array. As shown if Fig. 6, at low powers (Pin = 0.5 or 1),
the outer beams diverge away from the array center in
early stages of propagation and diffract rapidly as the
power is too low to create a filament. For a chosen beam
width σ = 0.2 mm, the most stable propagation of a sin-
6gle beam is obtained for Pin = 1 [see Fig. 6(b)]. It results
in a practically constant peak intensity of beams close to
the array center. However, the peak intensity obtained
at Pin = 1 is ten times lower than the saturation intensity
of a filament reached for arrays excited with high powers
(Pin = 4 or 8). In high-power regime the divergence and
diffraction of the outer filaments is slower than for low-
power arrays but the oscillations of the peak intensity
have higher amplitudes. These results suggest another
trade-off between the uniformity of a single filament and
the array as a whole. A power level resulting in a proper
balance between the regularity of the whole array and
the uniformity of a single filament should be chosen in
experimental studies.
In conclusion, inspired by the possibility of designing
large arrays of filaments for microwave manipulation, we
have systematically studied the propagation of large ar-
rays of femtosecond laser beams in air. We have ana-
lyzed the effect of the relative phase difference between
the filaments in the array and found out that the arrays
with a chessboard-like out-of-phase beam arrangement
propagate unchanged for longer distances than the in-
phase arrays. The in-phase arrays tend to reduce their
size during the propagation due to mutual attraction and
resulting fusion of the filaments. Furthermore, for the
out-of-phase arrays we have analyzed the dependence of
their stability on the following parameters: the number
of beams building an array, the separation between the
beams, and the initial power per beam. Our studies have
shown that the increase of the number of filaments leads
to longer stable propagation of an array. Similar stability
enhancement of the array as a whole was observed with
the increase of the excitation power, however, the oscilla-
tions of intensity inside a single filament increase at the
same time. Moreover, we have shown that the reduction
of the separation between the filaments has two effects:
on the one hand it increases the filament filing fraction
and reduces its oscillations during the propagation, on
the other hand it accelerates the increase of the array
transverse size. All the effects discussed above influence
the attainable filament filing fraction and have a crucial
importance for experimental realization of filament-based
metamaterials.
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